The ability to predict the criticality of internal cracks in railway wheels requires accurate knowledge of stress intensity factors K I , K II , K III under contact loads. These factors depend both on the total load acting on the wheel and on how the load is transmitted through the wheel/rail interface, that is to say, they depends on the pressure distribution between wheel and rail. However, till today the solutions commonly used consider a theoretical (Hertzian) pressure distribution, even though the real contact patch may be far different for most of the lifespan of the wheel due to wear or to the dynamic conditions. In this paper an approach is developed with the aim of solving the case of an internally cracked wheel subjected to an arbitrary contact patch and pressure distribution. In particular, attention is focused on the case of hollow wear, which makes it possible to obtain very conformal contacts. The results are discussed and compared with the analytical solutions that consider Hertzian pressure distributions with the same total load.
Introduction
Due to increasing demand for reliability and performance, contact analysis is becoming a more and more important phase in the design procedure of many mechanical systems. This is due to the increasingly severe load conditions that components in contact must undergo if lightness is a primary goal of the design process. An example of this is the railway-wheel system, where the new generation of trains requires components able to resist very high contact pressure and severe dynamic loading. Consequently, some types of damage that once were rare have become more frequent, causing accidents and/or undesirable noise. For this reason, wheels and rails are periodically subjected to nondestructive tests (NDTs) to check for the existence of internal defects or propagating cracks and to evaluate the criticalness of their dimensions with respect to their position in the component. If attention is focused on wheels, among the possible damage types one of the most typical is called "shelling" [1] . It starts from an internal defect, propagates parallel to the wheel surface until it reaches the free surface, thus causing the removal of a part of the material and, consequently, putting the wheel out of service.
In fact, the materials and technological processes used in the construction of railway wheels has led to an increase in the number of these internal defects that NDTs are able to detect: the problem is to judge whether the size and position of the defect may or may not cause crack propagation. Since the defects can be modeled as cracks, the problem can be solved by knowing the stress intensity factor variation of the crack in a contact cycle and comparing it with the threshold value of the material.
Thus, the first step is to define an approach capable of accurately calculating the stress intensity factor (K) of a 3D internal crack due to contact loading. Unfortunately, it is rare to find in literature values of K relating to these cases. Most studies consider two-dimensional cracks in a half-space subjected to Hertzian pressure distribution between two cylinders with parallel axes, also considering the effect of friction between the cylinders in contact and moving with respect to the crack: for example Keer et al. [2] find the solution of this case and study the possible direction of propagation of the crack. More recently, Bastias et al. [3] , Lunden [4] , Komvopoulos and Cho [5] , by using the finite element method (FEM), solved the same problem and also demonstrated the potential of FEM in achieving accurate solutions in cases not dealt with previously. Kaneta et al. [6] proposed a 3-D approach, based on the Body Force Method, enabling the calculation of the K for subsurface circular cracks in an infinite semi-space subjected to normal and tangential Hertzian pressure distributions, by considering the effect of the friction between crack faces as well. They evidenced that the fracture mode mainly involved in this type of damage is the II (shear) mode and they evaluated the variation of KII during the contact cycles. The authors defined an approach for the calculation of the stress intensity factors of internal cracks under contact loading [7] . The approach can be defined as hybrid, since it makes use of the analytical displacements of two bodies in contact, calculated by means of the approach proposed by Bryant and Keer [8] , and applies them as boundary conditions to a finite element model of the zone surrounding the crack, similar to the sub-model of the previously described FE approach. The hybrid approach was later generalized to irregular pressure distribution, like the ones that can be found in worn rails and wheels [9] and applied to pressure distributions experimentally measured by means of an ultrasonic technique [10] . Comparison with the equivalent Hertzian pressure distribution made it possible to assess the influence of the effective pressure distribution on the values of the stress intensity factors in a contact cycle. In this paper the hybrid approach is recalled and applied to a wheel/rail contact characterized by hollow wear which leads to the obtaining of very conformal conditions with large non-elliptical contact patches. Comparison with the results obtained with Hertzian or experimentally non-conformal pressure distributions showed the influence of wear on crack propagation of internal cracks in train wheels.
The hybrid approach: theoretical background
The 3-D hybrid approach for stress intensity factor calculation of an internal crack and general pressure distribution is based on determination of the displacement field in the uncracked body due to the pressure load and on the development of an FE model of the zone surrounding the crack. In Fig.1 the solution scheme is reported: once the pressure distribution is known by means of ultrasonic measurements, the contact zone is divided into a number of squared cells of small area. Inside the latter the pressure is considered uniform and equal to the average value referring to the extension of the squared cell. In this way general pressure distribution is approximated as a series of concentrated loads and it is possible to use Boussinesq's solution, which considers a concentrated load normal to the surface of an elastic semi-space, and to sum the contribution of all the concentrated loads that define the pressure distribution. Fig.1 Scheme of the approach used for determining the stress intensity factors of internal cracks in railway wheels under arbitrary pressure distributions.
In particular, the displacement component solutions are of interest in this case. In a polar coordinate system with origin in the load application point they write as:
(u is the radial displacement component, w the vertical (z) one).
If an x, y, z coordinate system with the same origin is used we have (x and y are the horizontal coordinates, z the vertical one, θ  is the angle between x axis and the vector r): Also tangential concentrated loads can be considered (in the case of considering friction between the rail and the wheel), although in this paper they were not included. The general case of wheel-rail contact can be solved by superimposing the solutions obtained for the single concentrated loads. The total displacement components can be written as: 
where n is the total number of squared cells and the index i refers to the load P i (a common origin of the x, y, z coordinate system is adopted for the n solution found). The solution scheme was implemented in a Matlab ® routine.
It is evident that the validity of the results strongly depends on the accuracy of the schematization of the contact patch in cells: the analysis that leads to the definition of the optimal cell dimensions is reported in [10] . In the second phase, the calculated displacement components are applied as boundary conditions to a finite element model of the volume of material surrounding the crack: the three-dimensional crack is schematized (the crack front may be circular or elliptical) and the stress intensity factor calculated along the crack front by using direct methods (by extrapolating to the crack tip the nodal SIF results obtained by using the nodal displacement components) or by the virtual crack extension technique. In Fig. 2 the FE model is shown: it consists of a cylinder of radius R and height H. It is evident that this model allows a very refined mesh near the crack front, where the ¼ point technique was used to better simulate the stress singularity according to LEFM. The dimensions of the FE model are critical parameters; in fact, it is necessary to verify that the dimensions are large enough to guarantee that the boundaries of the model are not influenced by the presence of the crack. The finite element code used was ABAQUS. The main advantage of the method lies in the capability of obtaining easily and with limited calculation time results concerning different values of the parameters (relative position of the crack with respect to pressure distribution, depth of the crack, crack dimension and geometry) that influence stress intensity factors K I , K II and K III in a complete load cycle. In fact, it is sufficient to change the corresponding boundary conditions of the finite element model. In addition, it is easy to change the crack plane orientation with respect to the free surface. Also in this case it is sufficient to include in the model the correct displacement components analytically calculated. Besides, it is possible to analyze elliptical cracks by adapting the approach according to the approach described in [10] . In Fig.3 the scheme used to solve a complete contact cycle is shown. The crack, considered circular in this paper, is illustrated together with the boundary of the finite element model that includes the crack itself: is characterized by the radius a, and by the distance d from the external surface. Fig.3 Definition of the main geometric parameters defining the contact case. 2010 Pressure distribution is defined by the maximum pressure value, p o , and by the length of the axes of the contact area: c is the largest one and corresponds to the direction of motion. Distance e x between the pressure distribution axis and the crack centerline defines the relative position of the crack with respect to the contact point in the direction of motion. The movement (x direction) from -e x,max to +e x,max (which are the maximum distances that cause a non-negligible stress field near the crack) defines a complete loading cycle; by varying distance e x , the stress intensity factors vary. Eccentricity in the y direction e y as defined in Fig. 3 was initially considered null, that is to say that the crack is aligned with the contact patch in the y direction. As concerns crack dimension, in this paper it is considered a circular (penny-shaped) crack with a radius equal to 1.0 mm., although the approach allows consideration of different shapes. The dimensions and geometry were chosen bearing in mind those typical of internal defects in wheels and dimensions which, in the case of a non-destructive control, can be revealed during an inspection. The depth at which the cracks are placed is the one that correspond to the maximum tangential stress τ xz ,  according to Hertzian theory.
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Experimental and numerical analysis

Experimental analysis
The wheel-rail contact analysis is often approached theoretically (Hertzian theory) or numerically, while few experimental datasets are available. Unfortunately, in most cases actual contact conditions are quite far from theoretical predictions. One interesting case is represented by so-called "hollow wear" which especially affects the top of the rail of heavy haul lines and significantly alters the stability of the vehicle in both straight and curved track [11] . This kind of wear modifies the original Hertzian conditions into a conformal contact characterized by larger contact patches in which multiple pressure peaks are often present. Recently, an ultrasonic approach was successfully proposed to experimentally characterize the wheel-rail contact, originally conceived by Kracther [12] and later developed by Masuko and Ito [13] and Kendall and Tabor [14] . This method is based on the peculiar behavior of ultrasonic waves in presence of imperfect contact interfaces: when an ultrasonic wave impinges on the region of contact between real bodies, a portion of its energy is reflected back and the residual is transmitted, since the reflection/transmission coefficient is related to the stress level. In fact, real surfaces always show a certain roughness and when two bodies come into contact, at first only the highest asperities actually touch, where the ultrasonic wave can pass from the first body to the second. When the load increases, the number of contacting asperities increases (i.e. the increases in the Real Contact Area) and then a larger portion of ultrasonic energy can pass through (i.e. the transmission coefficient increases and reflection decreases). Hence, it is possible to establish a relationship between contact parameters (such as contact pressure, real contact area, size and shape of contact patch and contact stiffness) and ultrasonic reflection, and use this relationship to analyze unknown contact problems. Effectiveness of the technique has improved in the last few years in terms of resolution and reliability, and it was recently applied to several cases of mechanic interest, such as machine elements [15] and joints [16] . It was first applied to railways by one of the authors and co-workers for characterization of the wheel-rail contact [17, 18] , and it was subsequently modified in order to monitor at the same time contact conditions and the presence of subsurface cracks [19] .
From the practical point of view, experiments basically consist of scanning the potential contact region with a focused type immersion ultrasonic probe, and recording the reflected wave amplitude in text matrices. The reflection coefficient is reckoned as the ratio between amplitude values acquired when a certain load is applied, and its value in the unloaded condition. The acquisition procedure is automatically managed by a personal computer equipped with software developed in the Labview® environment, which displays contact conditions in real-time by plotting the point-by-point acquired reflection values in a false color scale. Reflection data collection is further post processed in order to obtain qualitative and quantitative information on contact parameters of interest, mentioned above. Experiments concerning this paper were focused only on size and shape of the contact area and the contact pressure distribution within.
Ultrasonic reflection to contact pressure conversion is a rather complicated task and requires knowledge of the pressure-reflection curve, which is usually empirically determined by performing a calibration procedure consisting of analyzing the ultrasonic response in known contact conditions (i.e. Hertzian or numerically solved contacts) and under strict control of other influence parameters (such as material, surface roughness, sound frequency and probe geometry). Then the calibration curve thus obtained can be applied to unknown contact problems, such as wheel-rail interaction.
In this study, experiments were carried out on contacts obtained by coupling wheel and rail cuts, supplied by the Railway Technical Research Institute, Tokyo, Japan. Wheel specimens were carefully treated with sandpaper in order to achieve an increasing wear level in the center of the tread, so as to reproduce a "hollow wear" defect, and the modifications in the original profiles were measured after each treatment. Contact surfaces were manually abraded in order to achieve unidirectional roughness of about R a = 0.2 µm and carefully degreased to avoid the presence of contaminants in the contact zone that could affect the measurements. Specimens were assembled in a special test rig designed to ensure correct positioning and apply desired levels of load (in this case, load was varied from 0 to 20 kN, 1 kN step) by means of a hydraulic jack. The load is constantly monitored by means of a load cell placed in series. For each load and wear level, the potential contact region was scanned with 10 and 15 MHz focused probes (driven by a Panametrics P5058 pulser-receiver), over an area of 24×12 mm, 0.1 mm step so as to obtain a 28800 elements matrix. The choice of the probe is the result of a compromise between achievable resolution and energy attenuation of the sound beam. The ultrasonic signal is digitalized and monitored by a Tektronix TDS3012B digital oscilloscope and acquired via Ethernet connection. The reflection matrices can easily be plotted in a false color scale to originate contact maps such as those shown in Figure 4 . Fig.4 Evolution of the contact patch due to increasing conformity. From left to right, Hertzian (brand new elements), lightly conformal contact (low wear level), heavily conformal contact (highest wear).
This figure clearly explains how the Hertzian contact ellipse and pressure distribution originated by brand new contacting parts (patch in the left) can change greatly because of the wear effects, leading to contact conditions (patch in the middle and on the right of the figure) difficult to predict. Hence it is reasonable to hypothesize that such severe modifications of contact status with respect to what is predicted by considering nominal geometry can differently stress the material lying below the surface and influence the way of propagation of the sub-surface crack. In Fig. 5 is shown the three-dimensional representation of the pressure distribution for two of the worn couplings examined. Both cases relate to the 20 kN load. Those pressure distributions were subsequently considered as input data in the previously described numerical model, in order to determine stress intensity factor modifications around an elliptic crack, as described below.
Numerical analysis
The numerical analysis was performed on the wheel-rail pressure distribution previously described (Fig. 5) . The number of cells chosen for the schematization of pressure distribution is 220/mm 2 , as suggested by the calibration operated. The entire load cycle was considered and both the eccentricity in the direction of motion (e x ) and the one perpendicular to the latter (e y ) were taken into account: in this way it is possible to simulate a complete contact cycle (by varying e x ) and all the possible positions of the crack with respect to the contact patch (by varying e y ). As already stated, a circular crack with radius equal to 1 mm was considered; the friction between the crack faces and between the wheel and the rail was ignored at this stage even though the approach allows consideration of both of them. The depth at which the crack was considered is the one of maximum tangential stress in the direction parallel to the surface. The crack was considered parallel to the free surface of the wheel. The analyses focused on the calculation of the stress intensity factors concerning Modes I, II and III of propagation. In particular, it was found that for the cases considered K I was always negative, thus it was ignored. Stress intensity factors were calculated by interpolating the nodal values on the free faces of the crack and extrapolating them to the crack tip. An "equivalent" value of K, including the contributions of the three modes, was also calculated by means of the virtual crack extension technique. The agreement between the two methods used was satisfactory in all cases considered. 
Results
Four points were considered for the analysis of the results. They are points A, B, C and D on the crack front (see Fig. 3 ), and they define the diameter of the crack in the direction of motion and the one perpendicular to it respectively. These four points are the ones that characterize the behavior of the crack and by their analysis it is possible to predict the evolution of the crack. In Fig. 6 the results of an entire contact cycle in terms of K II and K III at points A and C are shown. The ones referring to points B and D are similar to the graphs of points A and C respectively. Similar trends were obtained for Case 2 and they are not shown. The first thing that can be noted is the clear difference between the trends that consider the Hertzian pressure distribution and the ones drawn on the basis of the experimentally measured pressure distributions. The latter are more irregular and have lower peak values. Nor can the sign of the stress intensity factor be easily predicted due to a not regular pressure trend. Another consideration regards the influence of e y on the results: in fact, if the crack axes are not aligned with the centroidal axes of the contact area (that is to say that e y ≠ 0) the trend of K i in a contact cycle (that is to say versus e x ) can significantly change and the crack propagation rate with it. Fig. 6 Trend of K II K III at points A and C by changing the eccentricity in x (e x ) and y (e y ) directions: left column Case1, right column Hertzian pressure distribution.
This consideration fits well with the results included in [20] where the importance of considering all possible relative positions of the crack with respect to the contact path. In Tables 1 and 2 the summary of the values of ∆K i (= K imax -K imin ) obtained for Case 1 and Case 2 are shown.. These are the most interesting values as regards the assessment of the criticality of an internal crack and the evaluation of the crack growth rate. It is interesting to note that in both cases the values of ∆K II,III of the experimental pressure distributions are much lower than the ones obtained by considering the equivalent Hertzian one. By considering these results and the ones of [20, 21] it is possible to affirm that conformal contact conditions make less dangerous the presence of internal defects and cracks. On the other hand, and bearing in mind previous papers on the same topics (see again [20] ) we can affirm that for a given total load the more the load is uniformly distributed the less the stress intensity factors will be dangerous and the more the pressure distribution is concentrated the larger will be the stress intensity factors. On the basis of the previous results we can state that in the case of worn wheels, crack propagation of an internal defect becomes lesser than in the case of new or re-profiled ones. From the design point of view, it can be noted that when wheel and rail are new, pressure distribution is likely to be Hertzian, while when the wheel has been subjected to in-service loads it will tend to wear, thus originating a pressure distribution that may be very different from theoretical ones. Thus, the use of the hybrid approach, since it can predict with greater accuracy the conditions under which cracks propagate, allows better assessment of the residual strength of the wheel.
